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 المستخلص

 

 :ذرشكض دساسرُا فً ْزِ انشسانح عهى انُقاط انصلاز انرانٍح

 أَّ ٔإشثاخ انًرغٍشاخ يٍ لآَائً عذد رٔ َاقظً جضئً ذفاضهً يؤشش ذكٌٍٕ .1

 يٍ انلآَائً انًًرذ انضشب حاطم عهى جٍذاً ذعشٌفاً ٔيعشف يٕجٕد

 يرثاٌُح إشثاخ انرشتٍعً ٔ نهركايم ٔانقاتهح ٔاحذ يرغٍش راخ انذٔال فشاغاخ

  .انًؤشش نزنك جاسدَج

 نفشاغاخ انلآَائً انًًرذ انضشب حاطم عهى ذفاضهً شثّ يؤشش فٌعشذ .2

 ,انًرغٍشاخ يٍ لآَائً عذد راخ سانثح يحذدج دانح عٍ عثاسج سيضِ ,ْهثشخ

 إلا ًْ يا انًؤششاخ نٓزِ انًغهقح انرًذٌذاخ أٌ يعٍُح ششٔط ذحد إشثاخٔ

  .فٍههش صيش لأشثاِ يٕنذاخ

 يٍ لآَائً عذد رٔ سٕتٕنف فشاغ انصُائً انزي َطاقّ انشكم أٌ إشثاخ .3

 نهذٔال ُْشٍ -نٍفً طٍغح تاسرخذاو ٔرنك دسشهٍد انًرغٍشاخ ٌكٌٕ شكم

 ياسكٕف خاطٍح لإشثاخ انًرغٍشاخ يٍ لآَائً عذد راخ انسانثح انًحذدج

 . دسشهٍد فشاغ َحظم عهى ٔتانرانً انصُائً نهشكم جضئً

 :ًٌكٍ ذهخٍظٓا كًاٌهً, ذركٌٕ انشسانح يٍ أستعح أتٕاب

 فراغاث ىلبرث لدًال ذاث عدد لانيائي من المتغيراث: انثاب الأٔل

فً . ذضًٍ انعذٌذ يٍ انًفاٍْى ٔانحقائق انٓايح انرً َحراجٓا كرًٍٓذ نثقٍح أتٕاب انشسانح

انفظم الأٔل عشضُا انُظشٌح انعايح نهفشاغاخ راخ انًعاٌٍش انًٕجثح ٔانسانثح شى ٔضحُا كٍفٍح 

ٔذُأنُا تظفّ خاطح , ذكٌٍٕ سلاسم فشاغاخ ْهثشخ نذٔال راخ عذد يُرًٓ يٍ انًرغٍشاخ

فً انفظم انصاًَ ٔانصانس قذيُا َظشٌح حاطم انضشب انًًرذ نعذد يُرًٓ شى . سٕتٕنففشاغاخ 

 .عهى انرشذٍة نعذد لآَائً يٍ فشاغاخ ْهثشخ

 تًالدًال المحددة السالب تحليل فٌريير: انثاب انصاًَ

ٔانزي ٌعرًذ عهى ذحهٍم فٕسٌٍش     كُشط ْزا انثاب نذساسح انرحهٍم انرٕافقً عهى

شى عهى        فً انفظم الأٔل دسسُا ذحٌٕم فٕسٌٍش عهى فشاغ شفاسذض. ذّكأْى يقٕيا

     انفشاغٍٍ
   ٔ     

فً انفظم انصاًَ َاقشُا ذعشٌف ٔخٕاص انذٔال انًحذدج .   



فً انفظم انصانس سكضَا عهى  .ٔرنك تعذ دساسح يٕجضج نقٍاساخ تٕسل انًحذٔدج ,انًٕجثح

ٔدساسح انذٔال انًحذدج انسانثح ح يٍ قٍاساخ تٕسل انًحذٔدج دساسح أشثاِ صيش الانرفاف انًكَٕ

ُْشٍ نهذٔال انًحذدج  -فً انفظم انشاتع ذُأنُا طٍغح نٍفً .ًٓاشى ٔضحُا علاقح انرُاظش تٍُ

 .انسانثح انًرظهح

 المتغيراث من لانيائي عدد ذاث الناقصيت التفاضليت المؤثراث: انثاب انصانس

فً انفظم الأٔل دسسُا كٍفٍح . ذضًٍ ْزا انثاب أٔل انُرائج انجذٌذج فً ْزِ انشسانح

إَشاء يؤشش ذفاضهً رٔ عذد لآَائً يٍ انًرغٍشاخ تٕاسطح ذعًٍى حاطم انضشب انًًرذ نعذد 

فً انفظم انصاًَ قذيُا انُظشٌح الأساسٍح . يُرًٓ يٍ انًؤششاخ إنى حاطم ضشب يًرذ لآَائً

أنح دسشهٍد شى عشضُا إشثاخ يرثاٌُح جاسدَج نًسأنح يؤشش ذفاضهً َاقظً نٕجٕد حم نًس

فً انفظم انصانس عشضُا أٔنى َرائجُا انجذٌذج ًْٔ تعُٕاٌ .   يعشف عهى يجال يحذٔد يٍ 

 .يرثاٌُح جاسدَج نًؤشش ذفاضهً َاقظً رٔ عذد لآَائً يٍ انًرغٍشاخ

                           لأشباه المٌلدة المتغيراث من نيائيلا لعدد التفاضليت شبو المؤثراث: انثاب انشاتع

 فيللر زمر

فً انفظم الأٔل قذيُا انُظشٌح انعايح لأشثاِ . عشضُا فٍّ تاقً َرائجُا فً ْزِ انشسانح

فً انفظم انصاًَ دسسُا ذعشٌف  .ِ صيش فٍههش ٔيٕنذاذٓااشثأشى ذُأنُا تظفّ خاطح . انضيش

ُْشٍ  -انسانثح راخ عذد لآَائً يٍ انًرغٍشاخ ٔأٌضاً طٍغح نٍفًٔخٕاص انذٔال انًحذدج 

فً انفظم انصانس عشضُا شاًَ انُرائج انجذٌذج ًْٔ تعُٕاٌ انًؤششاخ شثّ  .نرهك انذٔال

فً انفظم انشاتع قذيُا يا . انرفاضهٍح راخ عذد لآَائً يٍ انًرغٍشاخ ٔانًٕنذج لأشثاِ صيش فٍههش

 .ٌكٌٕ فشاغ دسشهٍد            ٍس أشثرُا أٌ فشاغ ْهثشخ ذثقى يٍ انُرائج انجذٌذج ح

إضافحً إنى قائًح تأْى انشيٕص ٔ , ٔقذ ذى ذضٌٔذ انشسانح تقائًح نهًشاجع انًسرخذيح

 .ٔ يهخض تانهغح الإَجهٍضٌح, انًظطهحاخ انًسرخذيح ٔ ذشجًرٓا

 

 

 

 

 



Abstract 

our study in this thesis is concentrated in the following points:  

1. Formulate the elliptic differential operator with infinite 

number of variables and investigate it is well defined on 

infinite tensor product of spaces of square integrable 

functions. Under suitable conditions, we prove Garding's 

inequality for this operator.  

2. In the infinite tensor product of Hilbert spaces, we define 

pseudo differential operators with symbol in terms of 

negative definite functions. The main result is to show that 

under suitable conditions closed extensions of these 

operators form generators of Feller semigroups.  

3. Define a Dirichlet form   constructed by a pseudo 

differential operator with infinite number of variables and 

prove that   is a sub-Markovine by using of the Levy-

Khinchin formula for continuous negative definite functions, 

which implies that  𝒟       is a Dirichlet space where 

𝒟               .  

A brief outline of the contents of thesis is as follows: 

Chapter I: Hilbert Spaces of Functions of Infinitely Many Variables 

This chapter is introductory chapter, which presents the theory of 

functions of finitely and infinitely many variables. In section one, we 

study  the general theory of spaces with positive and negative norms, then 

we explain how to  construct a chain of Hilbert spaces of functions with 

finite number of variables. The theory of finite and infinite tensor 

products of Hilbert spaces and riggings of them is presented in section 

tow and three.  

Chapter II: Fourier Analysis and Negative Definite Functions 

This chapter is an introduction to harmonic analysis on   . In 

section one, we study the Fourier transform on the Schwarts space       



then on     
   and     

  . In section tow, we discuss definition and 

properties of positive definite functions. In section three, we study 

convolution Semigroups of bounded Borel measures and continuous 

negative definite functions. Continuous negative definite functions are 

characterized by the Levy-Khinchin formula and this result is established 

in section four. 

Chapter III: Elliptic Differential Operators with Infinite 

Number of Variables 

In section one, we illustrate the constructions of operators with 

infinite number of variables by generalization the tensor product of finite 

number of operators to the case of an  infinite number of operators. In 

section tow, we present Dirichlet problem and give a proof of Garding's 

inequality for linear differential operators defined on bounded open set of 

  . Section three contains our first new result " Garding's inequality for 

elliptic differential operator with infinite number of variables". 

Chapter IV: Pseudo Differential Operators with Infinite number 

of Variables Generating Feller Semigroups 

In section one, we give an introduction to the theory of Semigroups 

and then we concentrate on Feller Semigroups and their generators. In 

section tow, we study the definition and properties of negative definite 

functions with infinite number of variables and give the Levy- Khinchin 

formula in that case. In section three, we present our second new result " 

Pseudo differential operators with infinite number of variables generating 

Feller Semigroups". In the last section, we prove that the space  

            is Dirichlet space. 

 

 

 

 

(لاتوجد نتائج وتوصيات)  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SUMMARY 



Interest in the analysis of functions of infinitely many variables and their 

spaces has increased considerably in recent years in the study of differential equations 

and boundary value problems [4,62].   

An important example of  boundary value problems is Dirichlet problem. We 

mean the problem of finding functions satisfying a partial differential equation 

defined on a certain domain and satisfying a certain condition on the boundary. 

Dirichlet problem formulated as follows: Let Ω     be an open set with boundary  , 

       and       . Find all functions   such that 

                                          

hold, where   is a differential operator. 

A differential operator   is in the divergence form if it is defined by 

                       
              

We say that   is strongly elliptic, if there exists a constant     such that  

        
                                    

           

where     are measurable, bounded functions. An example of such an operator   is 

the Laplace operator     , in this case we get the classical Dirichlet problem 

where              . When     on   we say that a Dirichlet problem is 

homogeneous [36]. 

Dirichlet problem arises from variational principles in physics, i.e. from 

minimization problems of certain functional which have a physical meaning (the so-

called energy functional). The Lax-Milgram theorem represents a convenient tool 

which can be applied to the study of many linear elliptic boundary value problems. It 

generalizes the Riesz representation theorem for functional defined on Hilbert spaces. 

Our main purpose of this thesis is to define a bilinear form   generated by 

pseudo differential operator with infinite number of variables, defined on a certain 

anisotropic Sobolev space, and obtain suitable assumptions to construct a Dirichlet 

form.  



By definition a Dirichlet form on     
   is a closed symmetric non-negative 

bilinear form   with the domain 𝒟    such that   𝒟    implies that   

          𝒟             and 

                   𝒟     

The last property will be called the sub-Markovain property of  . The pair  𝒟       

is called Dirichlet space. 

The theory of Dirichlet forms on finite dimensional spaces is based on the 

interplay between analysis (calculus of variations, boundary value problems, potential 

theory) and probability theory (Brownian motion, stochastic processes, martingale 

theory) [3]. The extension of the theory to infinite dimensional spaces has been 

discussed extensively in recent years [3,5,11]. 

The notion of Dirichlet form had been introduced by A. Beurling and J. Deny 

[14,28,52] in order to generalize Hilbert spaces methods used in classical potential 

theory to more general situations. It was first formulated of Dirichlet forms in the 

finite case by Fukushima [28] and in the infinite case, by Albeverio and Hoegh-Krohn 

[5]. The strong connection between analysis and probability developed in the late 40's 

and the 50's when applied the semigroup theory in the study of partial differential 

equations ( Dynkin, Feller, Hunt).  

 Feller Semigroups play an important role in the theory of Dirichlet  forms. It 

was Fukushima [27,28] who pointed out that Dirichlet forms are in a one to one 

correspondence to Markove processes, also he proved a one to one correspondence 

between Dirichlet forms and Feller Semigroups.  

To any Dirichlet form one can associate a self adjoint operator, its generator 

[3,6]. All properties of the form must be reflected in properties of this generator. If the 

form is local, this generator is a closed extension of a differential operator and it is 

rather common to use this differential operator to get information about the Dirichlet 

form. However, in the case of a non local form, this procedure is not very often 

applicable when the form is given by its general representation depending on time 

[41], and this out of our study.  



One of the most important tool to study Dirichlet forms and its generators is 

the Fourier transform. It turns out that a class of generators of Dirichlet forms is a 

class of pseudo differential operators       , the symbol        of which is for fixed 

     a continuous negative definite functions with respect to  . 

In order to solve the Dirichlet problem for a differential operator by using 

Hilbert space methods ( sometimes called the direct method in the calculus of 

variations), Garding's inequality represents an essential tool [44,67]. For strongly 

elliptic differential operators, Garding's inequality was proved by L. Garding [31] and 

its converse by S. Agmon [1]. One can find a proof for Garding's inequality and its 

converse in F. Stummel [66] for strongly semielliptic operators. More recent results 

on this subject can be found in [37,47] for a class of differential operators in 

generalized divergence form. 

our new results are concentrated in chapters three and four, which can be 

summarized in the following three points: 

1) Formulate the elliptic differential operator with infinite number of variables 

and investigate it is well defined on infinite tensor product of spaces of square 

integrable functions. Under suitable conditions, we prove Garding's inequality 

for this operator. 

2) In the infinite tensor product of Hilbert spaces, we define pseudo differential 

operators with symbol in terms of negative definite functions. The main result 

is to show that under suitable conditions closed extensions of these operators 

form generators of Feller semigroups.  

3) Under suitable conditions it is possible to define a Dirichlet form   

constructed by a pseudo differential operator with infinite number of variables 

and prove that   is a sub-Markovine by using of the Levy-Khinchin formula 

for continuous negative definite functions, which implies that  𝒟       is a 

Dirichlet space of functions with infinite number of variables where 𝒟    

           .  

A brief outline of the contents of thesis is as follows: 

Chapter I: Hilbert Spaces of Functions of Infinitely Many Variables 



In this chapter we study the theory of functions of finitely and infinitely many 

variables. In section one, we study  the general theory of spaces with positive and 

negative norms. The theory of finite and infinite tensor products of Hilbert spaces and 

riggings of them is presented in section tow and three, with emphasis on Sobolev 

spaces. 

Chapter II: Fourier Analysis and Negative Definite Functions 

This chapter is an introduction to harmonic analysis on   . In section one, we 

study the Fourier transform on the Schwarts space      , then on     
   and 

    
  , besides proving its simplest properties. In section tow, we discuss definition 

and properties of positive definite functions. One of the central results is Bochner's 

theorem establishing a one to one correspondence between bounded Borel measures 

and bounded continuous positive definite functions. In section three, we study 

convolution Semigroups of bounded Borel measures and continuous negative definite 

functions, and we discuss the relation between them. Continuous negative definite 

functions are characterized by the Levy-Khinchin formula and this result is 

established in section four. 

Chapter III: Elliptic Differential Operators with Infinite Number of 

Variables 

In section one, we illustrate the constructions of operators with infinite number 

of variables by generalization the tensor product of a finite number of operators to the 

case of an  infinite number of operators. In section tow, we present the theory of 

Dirichlet problem and give a proof of Garding's inequality for linear differential 

operators defined on bounded open set of   . Section three contains our first new 

result " Garding's inequality for elliptic differential operator with infinite number of 

variables". 

Chapter IV: Pseudo Differential Operators with Infinite number of 

Variables Generating Feller Semigroups 

In section one, we give an introduction to the theory of Semigroups and then 

we concentrate on Feller Semigroups and their generators. In section tow, we study 

the definition and properties of negative definite functions with infinite number of 

variables and give the Levy- Khinchin formula in that case. In section three, we 



present our second new result "Pseudo differential operators with infinite number of 

variables generating Feller Semigroups". In the last section, we prove that the space 

 𝒟       is Dirichlet space, where 𝒟               ,.   

 

 

 

 


